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Abstract

Recently, economists have resurrected the old Schumpeterian notion that recessions can
play a useful role in fostering innovation and growth. But in practice, R&D appears to be
procyclical. This paper shows that creative destruction, an idea that itself is attributed
to Schumpeter, distorts the incentives of entrepreneurs in responding to exogenous fluctua-
tions. As a result, it is possible that equilibrium innovation will be procyclical even though
innovation ought to be concentrated during recessions. Thus, what has been previously
viewed as an inherently desirable feature of fluctuations in the previous literature — the
opportunity to substitute intertemporally — turns out to be a social liability in equilibrium.
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discussions, and to seminar participants at Northwestern, Queens, Fuqua School of Business, NBER, and the
Society for Economic Dynamics.



Introduction

In the last decade, economists have resurrected the old Schumpeterian notion that recessions can
play a useful role in fostering innovation and growth. Modern reincarnations of this hypothesis
are rooted in theories of intertemporal substitution.! That is, they assume that productivity-
improving activities require resources that could otherwise be employed in production. In
downturns, when the return to production is low, there will be a natural incentive to shift
resources to productivity-improving activities: the cost of such activities in terms of forgone
output or sales is low, while the benefit is high given that economic conditions are expected to
improve in the future. This suggests that recessions should serve to facilitate growth, and in

some circumstances cyclical fluctuations might even be welfare-improving.

Contrary to this prediction, empirically we observe that certain inputs into technological
innovation are in fact concentrated in booms. For example, in surveying the evidence on re-
search and development (R&D), arguably an important source of long-run productivity growth,
Griliches (1990) reports that both R&D and its output — patents — are procyclical.? Fatas (2000)
similarly finds that growth in real R&D expenditures is positively correlated with contempo-
raneous growth in real GDP, although this correlation is less pronounced in the 1990s. One
way to reconcile this finding with the theoretical literature above is to deny the assumptions
that give rise to intertemporal substitution in the first place, i.e. to conclude that innovation
activities do not take resources away from production. For example, Aghion and Saint Paul
(1998) show that if productivity-improving activities require produced goods as opposed to fac-
tor inputs, innovation will be procyclical. But Aghion and Saint Paul are also quick to dismiss
this scenario. Indeed, as noted in Griliches (1984), the main input into R&D is labor, not
produced goods. Moreover, the productivity of factor inputs in the goods sector is procyclical
— even after correcting for variable utilization as in Burnside, Eichenbaum, and Rebelo (1993)
and Basu (1996) — while productivity in the R&D sector (with patents as a proxy for output)
is acyclical, according to Griliches (1990). Thus, factor inputs appear to be relatively more

productive in the innovation sector during recessions, providing a clear incentive to concentrate

! Examples include Hall (1991, 2000), Mortensen and Pissarides (1994), and Gomes, Greenwood, Rebelo (2001)
who study job search; Cooper and Haltiwanger (1993), Aghion and Saint Paul (1998), Cooper, Haltiwanger and
Power (1999), and Canton and Uhlig (1999) who study technological innovation; and Dellas and Sakellaris (1997),
Barlevy and Tsiddon (2000), and DeJong and Ingram (2001) who study human capital accumulation.

2The fact that patents are so synchronized with the business cycle might seem somewhat surprising. However,
Griliches explains that “the evidence is quite strong that when a firm changes its R&D expenditures, parallel
changes occur also in its patent numbers. The relationship is close to contemporaneous with some lag effects
which are small and not well estimated (Hall, Griliches, and Hausman, 1986). This is consistent with the

observation that patents tend to be taken out relatively early in the life of a research project.” (p1674).



innovation in those periods. The purpose of this paper is to understand why innovation might

be concentrated in booms despite these incentives.

To be more precise, this paper considers a Schumpeterian growth model in which a fixed
amount of resources can be used for either production or innovation. In line with the evidence
above, I assume productivity in the goods sector fluctuates over time, while productivity in
the innovation sector is constant over time. In this environment, I confirm that it will be
optimal to concentrate innovation in recessions, where a recession corresponds to a period of
low productivity in the goods sector. This validates the intertemporal substitution view that
recessions should facilitate growth. However, I also show that the incentives for agents to shift
innovation in response to aggregate fluctuations will be distorted in equilibrium. In particular, I
show that if equilibrium profits are highly procyclical, as is the case empirically, innovation in the
decentralized economy can be concentrated in booms. The Schumpeterian view is thus correct
in arguing that technological considerations dictate that innovation ought to be concentrated

in recessions, but in equilibrium it might very well be concentrated in booms.

The distortion above is rooted in the fact that I assume growth takes place through creative
destruction, an idea that ironically is also credited to Schumpeter. In particular, agents in
my model innovate by developing new technologies that use fewer inputs to produce the same
amount of output. Once an innovator is successful, he will use his productive advantage to
price competitors out of the market, and any previously profitable technology will be rendered
obsolete. In judging the value of a successful innovation, then, entrepreneurs take into account
only those profits that accrue as a result of their innovation when they are the leading producer.
Consequently, entrepreneurs put more weight on profits that accrue in the near future, when
they are more likely to be the leading producer, than on profits that accrue further off in the
future, when they are likely to be outmoded. As long as shocks are somewhat persistent, the
fact that profits are low in recessions and are likely to remain low in the near future can deter
firms from undertaking more innovation, even though innovation is relatively less costly during
recessions. By contrast, since a social planner does not care which firm accrues profits from a
given innovation, he will place relatively more weight on profits that accrue further off in the
future, and as such would recognize the full benefits of innovation and undertake more of it in
recessions. The inverted timing of innovation is just a special case of the fact that entrepreneurs
attach too little value to innovations in recessions and too much value in booms, and are thus

likely to engage in less intertemporal substitution than is socially desirable.

The inefficiency above is conceptually different from the inefficiencies that have already been

explored in previous work on Schumpeterian growth, e.g. Grossman and Helpman (1991) and



Aghion and Howitt (1992). In particular, previous work has demonstrated that steady-state
equilibrium innovation can be too high or too low. This inefficiency concerns the level of
innovation. But the inefficiency above concerns the timing of innovation, independently of its
level. That is, even when the average level of innovation is constrained to some suboptimal
level, it might still be desirable to concentrate innovation in recessions to achieve growth at a
lower cost. The fact that innovation is not sufficiently concentrated in recessions (and might
even be concentrated in booms) is thus distinct from the failure to allocate the right amount of
resources to innovation on average. To put it another way, an inefficient degree of innovation
concerns the absolute level of innovation, while an inefficient timing of innovation concerns the

relative levels of innovation at different points in the cycle.

Note that the inefficient timing of innovation arises because productivity in the goods sector
fluctuates over time. As such, we can think of this distortion as a cost of fluctuations, i.e.
fluctuations raise the effective cost of undertaking innovation activity. This is a distinct cost
of cycles from the one described in Lucas (1987), which is rooted in aversion to risk, as well
as from the cost described in Barlevy (2002) in which fluctuations affect long-run growth but
where growth is socially efficient. Interestingly, the cost here is due to a feature that previous
work has treated as a benefit of fluctuations, namely the ability to concentrate innovation in
particular phases of the business cycle. In fact, I show below that it is possible for fluctuations
to allow the planner to attain a higher level of welfare than when productivity is stable, but to
nevertheless reduce overall welfare in a decentralized equilibrium. Thus, an inherent virtue of

cycles is turned into a liability through the private actions of agents.

The paper is organized as follows. Section 1 sets up a benchmark model and characterizes the
social optimum and decentralized equilibrium. Section 2 allows for fixed costs of production,
which I argue are important in accounting for the high volatility of profits over the cycle. This
modification reveals that equilibrium innovation can move in the opposite direction as optimal
innovation. Section 3 discusses the welfare implications of the inverted timing of innovation.

Section 4 discusses some ways the model can be modified. Section 5 concludes.

1. Basic Setup

I begin with a simple variation on the Grossman and Helpman (1991) model designed to accom-
modate observed changes in relative productivity between the goods sector and the innovation
sector over the business cycle. The model is useful for understanding why private incentives to

vary innovation over the cycle differ from those of a social planner. However, because profits



in this model exhibit unrealistically low volatility, both optimal and equilibrium innovation are
countercyclical. In the next section, I modify the model to account for the high volatility of
profits over the business cycle, and show that while optimal innovation remains countercyclical,

equilibrium innovation could turn procyclical.

The economy consists of a representative agent, whose instantaneous utility is assumed to be

linear in consumption, i.e.
U(Cy) =Cy (1.1)

By contrast, Grossman and Helpman assume concave utility. The assumption of linear utility
is essential for obtaining analytical results. Unfortunately, this assumption also makes it im-
possible to use the model to realistically assess the quantitative significance of the phenomena I
describe. However, as I discuss below, introducing curvature in the utility function is unlikely to
overturn my results, so that one could potentially extend the model in a way that is amenable

to quantitative analysis. Utility is discounted at rate p per unit time.

The agent is endowed with a constant labor endowment L and a constant amount of a fixed
factor, e.g. land, per unit time. For convenience, I normalize the supply of the fixed factor to
one. To obtain utility from his endowments, the agent must convert them into consumption
goods. This transformation occurs in two stages. First, labor must be converted into a series of
intermediate goods indexed by j € [0, 1]. Second, intermediate goods, together with the fixed

factor, can be converted into a non-storable consumption good.

Turning first to the technology for consumption goods, a producer with F} units of the fixed

factor and zj; units of each intermediate good j can produce final goods according to
Y, = Z, 0 X} (1.2)

where Z; is a measure of productivity in the final goods sector and

1
X: =exp [/ lnxjtdj] (1.3)
0

is a Cobb-Douglas composite of the intermediate goods ;. Heuristically, think of the interme-
diate goods as different chemicals, which together combine to make fertilizer. When fertilizer
is combined with land, it will yield fruit the agent can consume. The amount of fruit harvested

depends on productivity in the final goods sector, Z:.

To capture the fact that empirically productivity in the goods sector varies systematically

over the business cycle, I assume Z; follows a Markov switching process between two states,
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7y > Zp, with a constant hazard rate p. 1 treat these fluctuations as exogenous. However, one

could potentially derive them as a result of some endogenous process.?

The role of the fixed factor F' above is to allow for diminishing returns to the composite
intermediate good X. Diminishing returns plays a similar role in my model as concave utility
in the original Grossman and Helpman model. In fact, the model above is equivalent to a model
in which there is no fixed factor but the agent has isoleastic utility, just as in Grossman and

Helpman. That is, my model is equivalent to a model where

!
[

U (C)) (1.1)

and production of the final good is linear in Xy, i.e.
Y =7, X, (1.2))

where 7, = [(1 — ) 7Y~ ig increasing in Z for a € (0,1). Thus, as the model is specified,
the cost share of the fixed factor, «, can be interpreted as a coefficient of relative risk aversion.
Grossman and Helpman focus on the case of @ = 1, i.e. log utility. By contrast, the technological
restriction that a € (0, 1) in my model implies the implicit coefficient of relative risk aversion in
(1.1') is below unity. When I modify the model in the next section to generate greater volatility
in equilibrium profits, this equivalence will no longer hold. In that case, I will maintain my

original assumptions on preferences and technology, (1.1) and (1.2).

Turning next to the production for intermediate goods, I assume each good j € [0, 1] can be

produced from labor according to a linear technology, i.e.
gcjt = /\thjt (14)

where Lj; denotes the amount of labor employed in the production of good ; at date ¢. The

coeflicient Aj; is given by
Ajp = ATt (1.5)

where A > 1 is a constant and mj; is an integer that denotes the generation of technology used
in the production of good j at date ¢. The integer mj; captures the sophistication of production

techniques employed in producing good j. The economy begins with an initial technology

3For example, following Benhabib and Farmer (1994), one can introduce spillovers across firms that give rise
to increasing returns to scale at the aggregate level. In such an economy, there will be equilibria in which the
scale of production, and hence the productivity of individual producers, fluctuates endogenously over time.



m;o for each good j. The production of each intermediate good j can always be improved by
expending effort towards developing the next generation technology. That is, if Rj; units of
labor are allocated to research on improving the production of good j, there will be a hazard
rate ¢R;; of discovering the next generation m; 4 1 in the next instant. This generation will
be more productive given A > 1. Kach time a new generation is discovered, research can begin

on the next generation. Let

1
Mt:/ mjidj (1.6)
0

denote the average generation across goods. By the law of large numbers, we surmise M, = PRy,

where R; denotes aggregate employment in innovation.

To capture the fact that productivity of innovation is constant over the cycle, I assume ¢
is fixed over time. This last observation is based on patent data, which is probably the best
available proxy for output in this sector. Griliches (1990) reports that there is no evidence
of systematic changes in the productivity of converting R&D into patents at annual frequen-
cies. As he observes, “Almost all of the systematic short-run variability in aggregate domestic
patenting is picked up by fluctuations in the R&D and national defense variables.” In particular,
changes in real GDP or capacity utilization appear to offer no additional power in explaining the
aggregate number of patents. Indeed, since the process of developing new modes of production
is so different from the process of producing goods based on an existing blueprint, there is no

reason to expect productivity fluctuations in the goods sector to carry over to innovation.

In what follows, it will prove helpful to express the output of final goods directly in terms
of labor resources. In particular, suppose each sector uses the same amount of labor, i.e.
Ljs = L — R;. This symmetric case is natural given the specification for X in (1.3), since both
equilibrium and optimal allocations will assign the same number of workers to each intermediate
good. Using the fact that the supply of the fixed factor is normalized to 1, output can be

expressed directly as a function of labor:
Y= ZX1 " = 72, [\ (L — Ry (1.7)

The indirect productivity of labor in terms of final goods thus depends on both exogenous
factors, i.e. Z;, and endogenous factors, i.e. A=) M Assuming a two-stage production
structure offers a convenient way to decompose the two terms: productivity in the final goods
sector is strictly exogenous, while productivity in the intermediate goods sector is strictly

endogenous (and responds to exogenous changes in 7). The growth rate of the endogenous



component of productivity is given by

%A(lﬂ)Mﬁ =(1—a)M;nA=(1—a)dR;In\ (1.8)

The utility of the agent is finite only if this growth rate does not exceed the discount rate p.
Thus, a well-defined optimal policy exists only if utility is bounded for any feasible level of

innovation, i.e. if

p>(1—a)¢pllnA (1.9)

As is clear from the above formulation, the inherent tradeoff in this economy is whether to
use labor resources to produce output or to promote growth: increasing productivity growth
requires a higher level of R, which in turn leaves fewer resources to produce goods in the
current period. The notion that production and innovation must compete for resources —
which ultimately gives rise to this tradeoff — seems reasonable in the context of R&D. In
particular, R&D relies heavily on direct labor inputs. For example, Griliches (1984) notes that
“R&D is more labor intensive than the average corporate product.” While a part of R&D labor
expenditures involves scientists and engineers who may not be easily shifted to production, on
average about 40% of wage payments in R&D between 1962 and 1998 were allocated to support
staff, according to National Science Foundation data. Moreover, engineers who work on applied
research and development as opposed to basic research can presumably be shifted more easily
to production if necessary, and the bulk of R&D expenditures (roughly 95%) are devoted to
the former. Certainly, one can find anecdotal evidence of individual firms that shift resources

internally between production and planning in response to changing market conditions.

1.1. The Social Planner’s Problem

Intuitively, it seems reasonable that resources in the economy above ought to be shifted into the
goods sector when its productivity is high and out of this sector when its productivity is low.
Such shifting serves to reduce the cost of productivity growth (in terms of forgone output). This
is precisely the idea that underlies the neo-Schumpeterian view. Solving the planning problem
that maximizes the utility of the agent confirms that the optimal program in the economy above
will indeed follow such a scheme. Formally, let Z; for i € {0, 1} denote the level of productivity
at date ¢, and let M denote the value of the average generation across all goods at this date.

The expected utility of the agent as of date £ under the optimal path is given by

V(Z;, M) = max yon [/ Ziys [/\M”S (L — Rt+s)]17a e P%ds (1.10)
t+s 0



where the maximization problem above is subject to the constraint
Mt+s = ¢Rt+s

We can rewrite the maximization problem above recursively as follows:

oV (Z;, M) = nax {ZZ- M (L - R)]l’a +u(V(Z_sy M) —V(Ziy M)) + %qﬁ}%} (1.11)
where Z_; denotes the level of productivity other than Z;. Given the stationarity of the en-
vironment, the planner will choose a constant level of employment R for a given Z, so that
the question of choosing an optimal policy reduces to finding a pair of numbers (R, ;). The
next proposition establishes the existence of an optimal path and argues it will undertake more
innovation when productivity in the final goods sector is low. It is a special case of the more

general Proposition 3 below. The proof of that proposition, along with those of all remaining

propositions, is contained in an Appendix.

Proposition 1: If (1.9) is satisfied, there exists a unique solution to the social planner’s

problem, and innovation is (weakly) countercyclical along the optimal path, i.e. Ry > Rj.

As noted above, the virtue of shifting innovation to periods when productivity in the goods
sector is low is that the economy can achieve growth at a lower cost. At the same time, it
should be acknowledged that this benefit is tempered by the fact that varying the amount of
resources allocated to production over time is in itself costly. Specifically, diminishing returns
to labor implies that varying the amount of labor allocated to production over time will lower
average output, due to a Jensen’s inequality effect. Alternatively, if we interpret the model in
terms of (1.1") and (1.2"), lowering the cost of growth imposes a cost by forcing a more volatile
consumption stream on a risk-averse agent. In the model as specified, this cost is not enough
to offset the benefits of intertemporal substitution. But for greater degrees of curvature, this
may no longer be true. For example, building on the interpretation of o as a coefficient of
risk-aversion in line with (1.1) and (1.2'), a value of a > 1 would imply that innovation ought
to be concentrated in periods when productivity in the goods sector is high, i.e. that Ry > Ry
it 71 > Z|. Intuitively, if the agent is very risk-averse, it would be highly desirable to smooth
the consumption of the agent. As such, it will be optimal to lower innovation in recessions
to offset the fall in productivity and keep consumption high. However, I suspect this result
is not really robust. In particular, if we were to introduce an additional margin that can be
used to smooth consumption, such as physical capital or storage, the optimal path would likely
continue to concentrate innovation when productivity in the final goods sector is low and use

the alternative margin to smooth consumption. The reason is that once we separate between



production and consumption, there would be a strong incentive to concentrate innovation in
recessions in order to maximize production. Formalizing this conjecture, however, requires
introducing an additional state variable into the planner’s problem. This complication would

take us beyond the scope of this paper.

1.2. Decentralized Equilibrium

Next, I examine the decentralized equilibrium in this economy. Production in this economy is
carried out by profit-maximizing firms, who pay out profits as dividends to their shareholders.
The technology for producing final goods is readily available to any firm. As such, profits in
this sector will equal zero in equilibrium. For intermediate goods, firms can take out indefinite
patents over production technologies. That is, the firm that discovers the m-th generation for
producing good ;7 maintains exclusive rights to this technology. Since no firm would undertake
innovation in the absence of patent protection, some monopoly power is essential to sustain

growth in equilibrium. Assuming patents last indefinitely is done for mathematical convenience.

An equilibrium for this economy involves a set of prices and quantities that satisfy individual
optimization and market clearing. Since the demand for intermediate goods is unit elastic under
the Cobb-Douglas aggregator X, any profit-maximizing producer of intermediate goods would
wish to charge as high a price as possible. A higher price has no effect on revenue, but lowers
the quantity of goods that need to be produced. However, if a producer charges more than
the marginal cost of his next most efficient competitor, the latter will underbid him and steal
away all of his business. Thus, in equilibrium, only the monopolist with the most productive
technology will supply goods, and will charge a price equal to the marginal cost of his most
efficient competitor. As Grossman and Helpman observe, incumbent producers benefit less in
extending their lead than a new entrant benefits from becoming the new leading producer.
Thus, incumbents will not engage in innovation along the equilibrium path, and the next most
efficient producer will have the rights to the (m;, — 1)-th generation technology.* Normalizing
the wage to 1, the marginal cost of the next most efficient producer is /\7(mﬁ*1)7 i.e. the number

of labor units he requires to produce a single unit of intermediate good j.

Let pj¢ denote the price of intermediate good j (relative to the price of labor, which recall was
normalized to 1) and E;; = p;iz;+ denote total expenditures by final goods producers on good

7. Given the Cobb-Douglas specification for X, final goods producers will optimally equalize

*As in Grossman and Helpman (1991), this requires that R&D expenditures are not observable, so an incum-
bent has no incentive ot undertake R&D simply to discourage potential entry.



expenditures across intermediate good 3, i.e.
Ejt = Et = (1 — Oé) PtY;g (112)

where P, denotes the price of the final good. With the wage normalized to 1, the cost of

production is equal to the number of employed workers, which is just A\™"™tx;;. Since x;; =
E;/pji, this cost is equal to A" 1E,. Hence, the profits of the incumbent firm that supplies good

7 are just
Ti=(1-ANE=>01-A1-a) kY (1.13)

Note that profits are the same for all intermediate goods, regardless of mj;. Using the fact
that total spending on consumption goods must equal the income of the representative agent
in equilibrium, we can express F;Y; as the sum of aggregate profits Iz and payments to factors,

ie.
PY, = Il;+pml'+ L

1
= / Tiedj — Ry + ppe '+ L
0

where pp; denotes the price of the fixed factor at date ¢. Substituting in for the expression
for m;; above and using the fact that pp /" = aF;Y; allows us to express individual profits 7

strictly in terms of employment in innovation £2;:
Tt = (/\— 1) (L—Rt) (114)

Note that nominal profits do not depend on Z;. Thus, if we fixed the level of innovation R,
profits would be just as cyclically volatile as the numeraire good, labor. This implies that the
volatility of profits should be commensurate with the volatility of the cost of R&D together
with the volatility of R&D activity R. In practice, though, profits are far more volatile than

implied by these two series. This observation will figure prominently below.

In considering whether to undertake innovation, entrepreneurs anticipate that if they succeed
in innovation, they will earn profits (1.14) as long as their technology is the most advanced.
Define I;; as an indicator variable that equals 1 if the entrepreneur is the leading-edge producer
of good j and zero otherwise. To ascertain the value of a successful innovation, I follow Lucas
(1978) in pricing an asset. That is, suppose there was a market for claims on the profits of a
firm that successfully innovated the production process of good j, and denote the price of this

claim at date ¢ by vj. Since the representative agent will own all claims in equilibrium, v

10



must leave the agent indifferent between buying a marginal claim and selling a marginal claim

given he already owns all claims. This indifference condition yields the following

0 U/ (Ct+s) /Pt+s — ]
vig = F Lisis- Ty e PPds
]t t [L ],t+ U/<Ct)/Pt t+

e P,
= Et |:/ ]Ij,t+s . —tﬂ't+5€psd8:| (115)
0 Pt+s

The expectation above is taken over all possible paths for Z; and all realizations of when entrants
succeed in innovating good j. At each instant, non-incumbent firms choose R;; to maximize
the expected value from a successful innovation net of R&D costs, i.e. ¢Rjv; — Ry Since
resources are finite and this expression is linear in Rj;, it follows that ¢v;; < 1 in equilibrium,
with strict equality at any date ¢ for which R; > 0. I will henceforth limit attention to
symmetric equilibria in which R;; is the same across all goods j, i.e. ;s = R;. Since profits m;
are the same for all intermediate goods, this ensures the value of a successful innovation v;; will
be the same for all j, i.e. vj = v¢. In addition, I limit attention to Markov-perfect equilibria,
i.e. equilibria in which the level of aggregate research R; depends only on the current level of
productivity Z;. Such an equilibrium can be summarized by a pair of numbers (Ry, R1). Since
the optimal path maintains a constant level of innovation for a given level of productivity, it

seems natural to focus on such equilibria.

Given that 7y can be expressed as a function of /¢, we should be able to express the value of a
successful innovation v; above strictly in terms of (Rp, ;). To do this, we need to first express
the price of final goods F; in terms of R;. Since the production of final goods is competitive,

the price P equals the minimum cost to produce a single unit of the good in equilibrium, i.e.
1
Py = min {/ PitTjdj +thFt} (1.16)
Tje k't 0

s.t.

1 l1-o
VA e <exp [/ lngcjtdj]> =1
0

Using the fact that pj; = A~ (M3t~ and the fact that pre = a Yy in equilibrium, a little algebra
yields

AL — Ry)“
(1 — @) ZAO- )M

P, = (1.17)

The value of a successful innovation v; can thus be expressed as the following integral, where

11



for convenience I suppress all references to j:

l1-o
i Zt+s L — Rt o /\Mt+s -
= b Tots - A—1)(L-R ps
v t /0 s T, <L— Rt+s> < M ( )( trs)e Pids
= constant - £ [/ Divs - Zits [/\Mt+S (L— Rt+s)] e el’sds] (1.18)
0

Note the similarly between (1.18) and (1.10). Entrepreneurs in the decentralized environment
value a successful innovation as a discounted sum of future output, just as the social planner.
The key difference, other than the scaling constant, is that an entrepreneur only values output
at date t if he is the leading edge producer, as reflected by the indicator variable I;;s. As a
result, output that is produced further in the future is more heavily discounted under (1.18)

than under (1.10), since Ey [Pr(I;1s = 1)] is decreasing with s.

The last observation helps to explain why the decentralized economy might fail to optimally
substitute over the cycle. Suppose it were optimal to maintain a countercyclical path for
innovation, i.e. to set Ry > R;. Then output in recessions would be lower than in booms,
ie. Zo(L—Ro)"® < Zy (L —Ry)'™®. Since entrepreneurs attach more weight to current
economic conditions, it follows that they will attach too little value to successful innovations
during recessions and too much value to successful innovations during booms. Hence, starting
from the optimal path, entrepreneurs will have incentive to shift some innovation to periods
of high productivity, and the relative levels of Ry and R; in equilibrium will be suboptimal.
Note that the inefficiency concerns the relative levels of innovation at different stages of the
cycle, not their absolute levels. As such, the inefficiency above is conceptually distinct from the
observation in previous work that there might be too much or too little innovation in equilibrium

in Schumpeterian growth models, which is a statement about the absolute level of innovation.

To solve for the equilibrium path for innovation, I will need to obtain an analytical expression

for v;. Towards this end, note that for any function X (Z;), the value of the integral
W (ZZ-7 M) =L [/ Iy - A(lfa)MtJrsX (Zt+s) e P ds
0
subject to MH s = OR: s can be characterized by the following recursive equation:
oW (Zs, M) = XM X (72 4 (W (Z_3, M) — W (%3, M)
LW
oM
The method of undetermined coefficients confirms that W (Z;, M) = w A0 =M where
= W(B) X (Zi) + pX (Z2-4)
' w(R)w(R_;) — p?

PR — W (Z;, M) ¢R; (1.19)
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for
wR)=p+p+({1—-(1—-a)ln))¢R

The value of a successful innovation can therefore be expressed solely in terms of Ry and £;.
In particular, if the current level of productivity is equal to Z;, then the value of a successful

innovation is given by

—1
%

w(R) (L= Ri) + = (L= R " (L= Ry)"”
(R (R — 12
Solving for a symmetric Markov-perfect equilibrium amounts to looking for pairs (Ry, Ry) €

[0, L] x [0, L] such that ¢v; (R;, R_;) < 1, with strict equality if R; > 0. The next proposition

provides a condition for the existence and uniqueness of a symmetric Markov equilibrium, and

v (R, R_;) = (A —1) Ad=e)Me (4 90)

shows that despite the fact that private agents undervalue innovations during recessions, the

equilibrium path for innovation remains countercyclical.’

Proposition 2: Innovation along the equilibrium path is weakly countercyclical in any
symmetric Markov-perfect equilibrium, i.e. £y > Ry along any equilibrium path. Moreover, if

A < eT-o there exists a unique symmetric Markov-perfect equilibrium.

The reason that equilibrium innovation remains countercyclical is connected to the fact that
profits along the equilibrium path of this economy are not sufficiently volatile. Recall from
above that holding the level of innovation R constant over the cycle implies profits would be as
volatile as the cost of innovation. Thus, other things equal, both profits and the cost of R&D
decline at the same rate during recessions. However, in contemplating whether to undertake
more innovation, entrepreneurs compare current costs not to current profits but to a discounted
sum of future expected profits. While profits in a recession fall to the same extent as the cost
of innovation, expected future profits will not fall to the same extent as long as the process Z;
is stationary. Consequently, the discounted value of an innovation will fall by less than the cost
of innovation, and agents have incentive to undertake more innovation in recessions. Of course,
this does not imply that the equilibrium path for innovation will coincide with the optimal path.
To the contrary, the intuition above suggests they are probably different. But since neither the

equilibrium nor the optimal path can be solved in closed form, it is not possible to compare

®Canton and Uhlig (1999) also argue that equilibrium innovation will be countercyclical in a related model.
Aghion and Saint Paul (1998) also claim that equilibrium innovation is countercyclical when innovation activity
requires sacrificing production. But they assume the same firm undertakes all innovation, so there is nothing in
their model that distorts the incentives for intertemporal substitution that could lead to procyclical innovation.
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them analytically. Numerical simulations for various parameter values suggest that equilibrium
innovation is systematically less volatile than optimal innovation. A similar pattern can be seen

in the numerical simulations reported by Canton and Uhlig (1999).

In sum, the model reveals that the incentives of agents to substitute intertemporally will
be distorted, but given that profits are not very volatile in the model, this distortion is not
sufficiently pronounced to reverse the direction of innovation over the cycle. Empirically, of
course, profits are far more volatile than the cost of innovation. A recent discussion of the
highly procyclical nature of profits is contained in Rotemberg and Woodford (1999), although
this pattern has also been widely documented in previous work. By contrast, the cost of R&D
is far less volatile over the business cycle. For example, Mansfield (1987) constructs R&D price
indices for the period covering 1969-1983. He finds that at high frequencies, the R&D deflator
is closely synchronized with the implicit GDP deflator, implying real R&D costs are not very
cyclically sensitive. This is not surprising given that nearly half of all R&D expenditures go
to labor, and it is well-known that real wages are only mildly procyclical. In the next section,
I discuss how to modify the model so that it is more consistent with empirical evidence on
the volatility of profits over the cycle. As might be expected from the discussion above, more

volatile profits will allow equilibrium innovation to be procyclical.

Before turning to this modification, though, I digress to remark on the uniqueness of the
equilibrium in Proposition 2. Note that I need to impose a restriction on A to ensure the
equilibrium is unique. To see why multiple equilibria might arise, suppose we start at some
equilibrium and conjecture that entrepreneurs decide to undertake more innovation for all goods
7. On the one hand, more rapid innovation of other goods increases the value of a successful
innovation of any particular intermediate good, since the marginal product of each good rises
when there are more of the other intermediate goods available. This validates the decision to
undertake more innovation on each individual good, so that an equilibrium with a higher level
of innovation might be sustainable.® However, more innovation in one’s own sector reduces
the expected duration of being the leading-edge producer. To rule out multiple symmetric
equilibria, the latter effect must dominate. This requires that successful innovation does not

improve productivity in remaining sectors too dramatically, i.e. that A is not too large.”

SShleifer (1986) and Francois and Lloyd-Ellis (2002) exploit this complementarity to study animal spirits a
closely related model.

"Note that as a tends to 1, the bound on X in Proposition 2 tends to co. Thus, multiple equilibria can be

ruled out when the coefficient of relative risk aversion is greater than or equal to 1. This explains why Grossman
and Helpman (1991), who consider log utility, obtain a unique equilibrium in their model.
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2. Fixed Costs and the Volatility of Profits

The previous section established that the creative destruction aspect of Schumpeterian growth
models will cause entrepreneurs to undervalue innovations in recessions and overvalue innova-
tions in booms. Despite this, the equilibrium path remains countercyclical. Since this is due
to the fact that profits in equilibrium are counterfactually low, we would want to modify the
model in a way that would allow for more volatile profits along the equilibrium path. There are
various ways to potentially make profits more volatile in the model. However, one of the ar-
guably more important considerations that accounts for the high volatility of profits in practice
is fixed costs of production. The reasoning for this is laid out in Ramey (1991). She defines the
profit rate as the ratio of profits to sales, and shows that this ratio is procyclical in the data.

However, in the absence of fixed costs, this ratio is equal to the price-cost margin, i.e.

Tt 1

BT
Since the markup A is constant in my model, profit rates will be as well. Empirically, most
estimates of the markup suggest it is either acyclical, e.g. Ramey (1991), or countercyclical,
e.g. Rotemberg and Woodford (1999). Thus, any feature that generates more volatile profits
by increasing the volatility of sales would be unable to explain the procyclicality of profit rates.
Instead, as Ramey (1991) concludes, “the only way to reconcile countercyclical markups with
procyclical profit rates is to allow for the presence of significant fixed costs” (p137). To see this,
suppose we were to introduce a fixed cost F'C that does not vary with the amount of sales. The

profit ratio in the model would then equal

2—1:(1-%)-% (2.1)
which increases with F;. Evidently, subtracting a constant amount from profits makes profits
more volatile, but since it has no effect on the volatility of sales, profit rates will appear
more procyclical. Rotemberg and Woodford (1999) similarly cite overhead costs as a way to
generate procyclical profits despite countercyclical markups. Other evidence that confirms the

quantitative importance of fixed costs includes Basu (1996), who finds that production functions

are non-homothetic in a way that suggests the presence of overhead costs.

Suppose then that for any intermediate good j, an entrepreneur must incur a fixed cost Ky
per unit time in order to commence production. The fact that the fixed cost must not vary
with sales requires that the fixed cost be denominated in units of output. Thus, I will assume

the setup cost involves K¢ units of the final good per unit time. Since the economy grows over
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time, I will also need to assume that the fixed cost grows at the same rate as the economy so

that we do not eventually outgrow it. Thus, let
Ky = \(0-)Me, (2.2)

for some constant «. One can motivate the growth of the fixed cost by assuming that en-
trepreneurs need more space to handle the bigger sales volume as the economy becomes more
productive. To ensure that equilibrium profits are positive, we must also make sure that fixed
costs are not so large that they exceed either the revenue of producers or the total amount of

final goods produced.

To see the effects of fixed costs on the optimal path for innovation, note that the planner’s

problem (1.11) in the presence of fixed costs can now be written as

Z; DM (L= R)] T = A0-oM oy
pV (Z;, M) = max oV (2.3)
Re[0,L] p(V (23, M) = V(Zi; M)) + o7 OB

Since the fixed cost grows at the same rate as the economy, the planner takes into account
the fact that faster innovation will increase the fixed cost of production. Thus, netting out
the fixed cost will lead the planner to choose a different path from the one that solves (1.11).
However, since all intermediate goods are produced at every point in time, the fixed cost is
incurred regardless of the level of productivity Z;. Hence, while the fixed cost could affect the
optimal level of innovation, there is no obvious reason that it should affect the optimal timing of
innovation. In the next proposition, I confirm that the optimal path remains countercyclical for
an interior optimum (i.e. where R; > 0 for all ¢). For the more general case, I can only establish
this claim for small values of x, although I suspect that the statement of the proposition is true

for large values of x as well.

Proposition 3: If (1.9) is satisfied, there exists a unique solution to the social planner’s
problem. If the optimal path for innovation involves positive levels of innovation at all dates,
innovation will necessarily be countercyclical along the optimal path, i.e. Rg > R;. If s is
sufficiently small, the optimal path will be weakly countercyclical along the optimal path even

if the optimal path involves periods of zero innovation, i.e. Ry > Rj.

Next, I turn to the decentralized economy. Once again, I begin with the pricing decisions
of the incumbent firm. As before, the firm will try to increase its price as much as possible.
Rather than setting its price to the marginal cost of its next most efficient competitor, however,

it will now set its price to the level at which its competitor, who also faces a fixed cost, breaks
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even. Thus, an entrepreneur with productivity A™ will choose a price p; that solves
- Vg-pxk (2.4)
1, t = Lt .
Solving for p; and substituting into the profits of the leading producer yields

A—1
Tt = T (Et — Pth) (25)

which again is the same for all j. Using the fact that the representative agent spends all of his

income on final goods, we can express profits 7;; in terms of R; analogously to (1.14):
The price of final goods F; can once again be obtained by solving for the minimum cost of

producing a single unit of the final good. A little algebra shows that

A L—Ry

P =
FTANOOMO (1 ) Z,(L— R)" Y — &

(2.7)

Note that for x = 0, this expression is equivalent to (1.17). Substituting for P yields the

following expression for profits:

A+Dr
(1—a)Z(L—R)" -k

mie=(A—1) <1 - >(L—Rt) (2.8)

In contrast with the previous section, nominal profits now do depend on Z;. In particular, for
a fixed level of innovation R, profits rise with Z;. Thus, other things equal, a recession will

be associated with a disproportionate fall in profits relative to the cost of R&D. Moreover, the

T
larger is «, the more responsive profits will be to changes in aggregate productivity Z, i.e. d—Zt

¢
is increasing in x. For sufficiently large fixed costs, then, we would anticipate that profits fall

enough during recessions so that the present discounted value of profits v, will fall relative to

the cost of R&D), inducing agents to undertake less rather than more innovation in recessions.®

Formally, we can use (1.19) to derive v; (R;, R_;) and search for an equilibrium pair (R, R1)
in [0, L] x [0, L] for which ¢v; (R;, R_;) < 1, with equality if R; > 0. Unfortunately, the

expression for v; (R;, R_;) is too unwieldy and does not allow me to characterize the equilibrium

®In contrast to the previous section where the markup was constant over the cycle, now the markup varies with
Z¢. More specifically, the equilibrium markup will be countercyclical, which accords with evidence in Rotemberg
and Woodford (1999). Intutively, since profits are higher in booms, a given fixed cost is less effective in discour-
aging entery by rivals, which forces the leading producer has to lower his price — and thus his markup — to deter
entry. This explanation is distinct from those Rotemberg and Woodford offer to explain the countercyclicality
of markups, but is similar in implying that the threat of competition becomes more significant during booms.
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analytically. Below, I modify the model in a way that allows me to establish a formal link
between the size of the fixed cost and the potential existence of an equilibrium with procyclical
innovation. However, I first provide a numerical example that establishes similar results in the
model as specified. The parameter values are displayed in Table 1 below. As noted earlier, the
fact that I assume linear utility (implying an infinite elasticity of intertemporal substitution)
makes it difficult to match the model to actual data. Still, to the extent possible, 1 chose
reasonable values for various parameters, such as the discount rate p, the average duration of a

cycle as reflected in p, the markup A, and the volatility of Z;.”

Table 1
o 0.04 a 0.33
wo 0.20 Zo 0.95
¢ 0.01 Z1 1.05
A 1.09 L 500

For the parameters in Table 1, the unique symmetric Markov equilibrium when x = 0 is given
by (Rp, R1) = (41.7,37.9). In line with Proposition 2, equilibrium innovation is countercyclical.
As we raise k, the symmetric Markov equilibrium remains unique. In addition, raising x lowers
the level of innovation, not surprisingly since the fixed costs cuts into profits and thus lowers
the value of a successful innovation. But, more importantly, for large enough fixed costs, the
timing of innovation in equilibrium will be reversed. To be more precise, there exists a cutoff
k* =2 18.86 at which Ry = R;. For any value of « below this cutoff, equilibrium innovation is
countercyclical, and for any value of & above this cutoff for which an interior equilibrium exists,
equilibrium innovation is procyclical. Thus, for example, when & = 19, the equilibrium path for
innovation is given by (Rp, 1) = (0.4,0.5). Now, suppose we were to shift to the alternative
path (R, R}) = (0.5,0.4), i.e. we reverse the timing of innovation. This leaves the unconditional
growth rate for this economy unaffected, and thus cannot ameliorate any inefficiency that is
due to a suboptimally high or suboptimally low level of innovation. However, if we calculate
the unconditional expected utility of the agent under the two paths, we find that the agent is
better off with the countercyclical path. This example underscores the fact that the inefficient
timing of innovation does not reflect an inefliciency in the absolute level of innovation, but in

the relative values of innovation at different points in time.

®Note that these parameters violate (1.9), so there is no well-defined optimal policy, although there is a well-
defined equilibrium. For higher values of p, one can construct examples of procyclical equilibria in which (1.9)
is satisfied. This reveals a limitation of linear utility. In particular, concave utility serves to raise the effective
discount rate, since marginal output in the future is less valued given diminishing marginal utility and growth.
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To establish a formal link between the size of the fixed cost and the possibility of procyclical
equilibrium innovation, I now turn to a modification of the model that yields a more convenient
expression for v; (R;, R_;). The main difficulty with the expression for P above involves the
intercept term k in the denominator. To get around this, suppose that the production structure
is such that only the incumbent has to incur the fixed cost K, i.e. any producer who wishes
to steal away customers from the leading edge producer does not have to incur the fixed cost.
This variation is plausible if the fixed cost reflects a cost of acquiring information. For example,
suppose the producer has to learn the exact specifications that final goods producers require
to produce at a given point in time. Rival producers can then just observe what goods the
leading producer is selling and avoid having to do the research themselves. That said, the
real reason for this assumption is not realism — in practice a significant fraction of fixed costs
has nothing to do with information acquisition — but to obtain a more convenient functional
form for v; (R;, R_;) with similar qualitative properties. If only the incumbent incurs the fixed
cost K, he will once again charge a price equal to the marginal cost of his next most efficient
producer, rather than the price that satisfies (2.4). Solving for profits and the price of final

goods yields the following expression for the value of a successful innovation:

w (i) (L= Ba) - p it (L= Rog)'® (L= i)
vi (R, Rg) = (A—1) w(R;)w(R ;) — p? B (2.9)
W(R ) +p  N(L-R)*k

w(R)w(Ry) =12 (1—a) 7

The only way in which the expression above differs from the case in which all firms incur

the fixed cost involves the second term above, i.e. the present discounted value of the fixed
cost. However, the derivative of this expression with respect to & and Z has the same sign in
both cases. Henceforth, I will let v; (R;, R—;) denote the expression in (2.9). I begin with the

following lemma:

Lemma: Suppose A < eﬁ. Then for any « > 0, there exists a unique R* < L such that
¢pvo (R*, R*) = ¢vy (R*, R*). Moreover, there exists a £* > 0 such that ¢v; (R*, R*) < 1 for
k < k* and ¢u; (R*, R*) > 1 for £ > r*.

The lemma above establishes that for any fixed cost &, there is a unique level of innovation
R* that leaves the value of a successful innovation v constant over time when innovation is held
constant. From the proof of the lemma, one can show that this value v (R*, R*) increases with
k, ranging from 0 to infinity, so that there must be some x* for which it equals 1/¢. As the
next proposition establishes, if & is greater than x*, we are assured of finding a pair (Rp, R1)
where Ry > Ry and which satisfies the condition that ¢v; (R;, R_;) = 1 for both i € {0,1}.
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1
Proposition 4: Suppose A < el-o. If Kk > k*, where " is defined in LLemma 2 , there exists
a pair (Ro, R1) where R; > Ry such that

v (R, R_;) =1

Proposition 4 comes close to establishing the conjecture above, namely that for sufficiently
large fixed costs, equilibrium innovation will be procyclical. In particular, it assures us that for
sufficiently large fixed costs, we can always find a solution for the system of equations associated
with an interior equilibrium in which R; > Ry. However, this implies neither the existence nor
the uniqueness of an equilibrium in which innovation is procyclical. In terms of existence, the
proof of Proposition 4 does not guarantee that the solution (Ry, R;) is positive. However, at
least numerically, it appears as though assigning a large enough value for L is enough to insure
an interior solution, mirroring a similar result in Grossman and Helpman (1991) concerning the
existence of an interior equilibrium in the case of no fixed cost (and constant productivity Z;).
In terms of uniqueness, I can no longer establish an analogous result to Proposition 2 above.
In fact, one can show that the set {(Ro, R1) | ¢v; (R;, R_;) = 1} can have multiple solutions
beyond the one that is captured in Proposition 4. However, these additional solutions appear to
be pathological and do not correspond to actual equilibria. In particular, they appear to involve
very high levels of innovation for which the revenue of intermediate goods producers does not
cover their fixed costs. In other words, profits are negative in these candidate equilibria, which
is not an equilibrium given the option for entrepreneurs to shut down. For all of the parameter
values I experimented with in which there was an interior equilibrium, it was in fact unique,
and the equilibrium appeared to change continuously with & from one with countercyclical

innovation to one with procyclical innovation.

To conclude, introducing fixed costs of production, which causes profits to be more volatile,
reveals that equilibrium innovation can be procyclical even when innovation should optimally
be concentrated during booms. This helps to reconcile the observation that innovation is
procyclical with evidence on productivity in both the goods sector and the innovation sector
that suggest innovation ought to be countercyclical. The reason is that if firms anticipate that
their production line might be made obsolete at some point in the future, they will tend to base
their decisions to innovate on the current state of profits. If profits fall substantially during
recessions, as empirical evidence suggests they do, entrepreneurs might very well undertake more
innovation precisely when it is suboptimal to do so. To demonstrate this formally, I had to
impose convenient assumptions that make it possible to solve for an equilibrium in the presence
of fixed costs analytically. As such, it is hard to use the model to assess whether fixed costs in

practice are sufficiently large to account for the fact that innovation is procyclical despite clear
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incentives to concentrate it in booms. Likewise, it is hard to ascertain the magnitude of the
welfare cost of this inefficiency. Incorporating the elements described here in a more realistic
model that can be used to address such questions, which would ultimately require an inherently

numerical approach, seems like a natural direction for future work.

3. Implications for the Cost of Fluctuations

To illustrate the importance of the discrepancy between the timing of optimal innovation and
equilibrium innovation, I now show that the solution to the planner’s problem and the de-
centralized equilibrium can lead to substantially different welfare conclusions concerning the
impact of cyclical fluctuations and the desirability of stabilization. In particular, I show that
if we focus on the planner’s problem in the above economy, we would conclude that cyclical
fluctuations always allow the agent to achieve a (weakly) higher utility. Thus, to the extent that
fluctuations in productivity arise from factors that can be affected by policy, e.g. sunspots that
can be defused by threats to carry out certain policies if agents undertake particular choices,
it would be undesirable to use stabilization policy to offset these fluctuations. However, if we
consider the equilibrium of the decentralized economy, we would conclude that fluctuations
might actually lower welfare by raising the cost of growth relative to the stable economy. In
this case, stabilization might be desirable after all. Thus, the discrepancy between equilibrium
and optimal innovation can lead to very different conclusions regarding business cycles and

macroeconomic policy.

Formally, consider two environments, one in which productivity is constant and equal to Z,
and the other in which productivity follows a Markov process as described above but with the

same unconditional average productivity, i.e.

ElZ)=5(Zo+ Z1)=Z

1
2

For the stochastic environment, suppose initial productivity is distributed with equal probability
over Zy and 77, and that the initial generation of technologies used in producing intermediate
goods is the same as in the nonstochastic environment. Both economies thus have the same
ability to convert resources into consumption goods over the long-run; the only difference is that
the ability to produce consumption goods fluctuates in one environment but not the other. We
can measure the welfare impact of fluctuations by comparing the utility of the representative
agent in the two environments. If utility is higher in the nonstochastic environment, exogenous
fluctuations should be viewed as imposing a social burden on agents. Following Lucas (1987),

we could quantify this measure using compensating variation in consumption units, i.e. by
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determining how much consumption per unit of time we would have to give agents in the

volatile environment to leave them as well off as in the stable environment.°

Turning first to the social optimum, note that a policy which keeps innovation constant over
time will yield the same expected output I {Zt (/\Mt (L— R))lia} in the two environments,
since in both cases M; follows the same deterministic path, and in both cases F (Z;) = Z.
Since a benevolent social planner will choose a constant level of innovation when Z; = Z for
all ¢, it follows that the social planner can deliver the same unconditional expected utility
for the agent in the stochastic environment as in the nonstochastic environment. But since
Proposition 3 implies the planner deliberately varies innovation over the cycle (at least in
an interior optimum), it follows that the planner can do strictly better in the presence of
fluctuations than when productivity is constant. This captures the intuition implicit in the
recent view that business cycles can play a beneficial, even welfare-enhancing, role. The reason
is that when productivity in one sector oscillates between high and low levels, agents can
specialize their activity to the sector that is relatively more productive. The drawback of this
scheme is that in the absence of savings, the agent must tolerate consumption volatility. But as
long as agents are not too risk averse, society will be strictly better off with fluctuations than
without. Even if agents are risk-averse, allowing for the possibility of storage might potentially
allow a planner to achieve growth at a lower cost without forcing a highly volatile consumption

stream on the agent, and thus cycles might raise welfare in this case as well.

In the decentralized equilibrium for the same economy, however, it need not be true that
fluctuations are welfare improving. This is easiest to see when fixed costs are large enough that
equilibrium innovation is procyclical. In that case, resources are systematically allocated to
the wrong sector. That is, rather than shifting resources to the sector that is relatively more
productive at a given instant, they are shifted to the sector that is relatively less productive.
As such, it is possible that introducing fluctuations will lower welfare, even though fluctuations
allow the agent to attain a higher utility. In fact, for the parameters in Table 1, one can confirm
that the unconditional expected utility of the agent in equilibrium is lower in the environment
with fluctuations than in the environment where productivity if constant over time. This will
not necessarily be true for all parameter values. In particular, recall that growth in the economy
described above can be inefficient in two ways: the average level of innovation might be too

high or too low, and the timing of innovation might be suboptimal. While fluctuations give rise

107t is important to note that this thought experiment captures the effect of fluctuations in productivity that
are exogenous to the innovation process. By contrast, Shleifer (1986), Francois and Shi (1999), Francois and
Lloyd-Ellis (2002), and Jovanovic (2002) consider the welfare effects of fluctuations in innovation that arise
endogenously. Their welfare calculations are thus not directly comparable to those described here.
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to an inefliciency in the timing of innovation that would not arise in the absence of fluctuations,
they can also affect the level of innovation in a way that serves to increase welfare. As a result,
the economy with fluctuations might be associated with higher welfare even when equilibrium
innovation is procyclical, or with lower welfare when equilibrium innovation is countercyclical

so that agents do engage in intertemporal substitution.

Note that in the case where fluctuations reduce welfare in equilibrium, business cycles are
costly even though the agent is risk-neutral. This distinguishes the cost of fluctuations above
from the usual cost that is due to an aversion to consumption volatility, as described in Lucas
(1987). Similarly, the cost here is distinct from the cost described in Barlevy (2002), which is
also due to an underlying concavity, not in utility but in the function that maps investment
into growth. In the latter case, fluctuations are costly because they lead to lower growth from
a given average level of investment due to a Jensen’s inequality effect. In both cases, then,
fluctuations are costly because they introduce variance. By contrast, the inefficient timing
of innovation implies fluctuations are costly because they introduce a particular covariance
between the amount of resources employed in a sector and that sector’s productivity. Variance
in itself in not costly in my model, and in fact, if the amount of resources employed in a sector

are positive correlated with productivity, volatility can be welfare enhancing.

Interestingly, the above cost of fluctuations can potentially be avoided without having to
stabilize the underlying source of fluctuations. Since the cost of fluctuations rests on inefficient
timing, one can avoid these costs by taxing and subsidizing innovation activity (at rates which
vary with the exogenous component of productivity Z;) in a way that eliminates the underlying

I Thus, even if the government has no ability to directly affect the underlying

inefficiency.!
source of fluctuations, there is still a way for it to avoid the particular cost of business cycles
described above. This again is different from costs that are due to the volatility of cycles and

which cannot be avoided in inherently volatile environments.

4. Extensions

Although the results above are quite intuitive, the mathematical analysis involved in formalizing
them is involved. This limits my ability to modify the basic structure of the model to allow

for more realistic complications without sacrificing analytical tractability. Nonetheless, I can

U Canton and Uhlig (1998) characterize the optimal tax policy in a similar model with no fixed costs of
production.
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still speculate on directions the model can be modified to address some of its shortcomings and
whether they are likely to affect its main results. This section briefly comments on several such

extensions.

One problem with the model is that in practice, innovations often take time to develop to
fruition. Firms should therefore not expect to be able to bring their innovations on-line as soon
as aggregate conditions improve, which is technically possible under the Poisson technology for
innovation in the model. Introducing a time-to-build feature could make entrepreneurs reluctant
to undertake more innovation in booms if they are inherently temporary. Formally, suppose
an idea discovered at date t can only be used for production at date ¢ + 1". Solving for either
the socially optimal path or a symmetric equilibrium in this case is quite complicated, because
the relevant state of the world now involves a continuum of productivity levels [Z;_p, Zy]| as
opposed to just the current level of productivity Z;. Even without solving the model, we can
use continuity and the results for 1" = 0 to establish that inefficient timing would continue to
arise for small T". For large T°, the same intuition as before suggests that the socially optimal
path and the equilibrium path are likely to remain asynchronized when profits are sufficiently
volatile. On the one hand, even with delay, there is a clear incentive for the planner to allocate
more labor to production in periods of high productivity, although the precise path will now
be more complicated given that a part of productivity growth over the next T’ units of time
is already predetermined by decisions made before date ¢. At the same time, the persistence
of the stochastic process for Z; implies that Pr(Zyyr = Z¢ | Zt) > Pr(Zyyr # Z¢ | Z4), so a
potential entrant who is constrained to implement his invention only after 7" units of time still
expects profits to be higher at the time of implementation if current profits are high than if
they are low. As long as « is sufficiently large, the expected value of an innovation should still

rise disproportionately with current productivity Z;.

Another feature of the model that might be questionable is its assumption that firms imple-
ment innovations as soon as they discover them. In particular, as originally pointed out by
Shleifer (1986), entrepreneurs might benefit from strategically delaying implementation of new
technologies. This is even more relevant when productivity fluctuates exogenously, since firms
can potentially undertake innovation in recessions when the cost of R&D is low but wait until
booms to implement them and capture the high profits available at these times. While this
intuition is suggestive, it is not necessarily true that allowing for strategic delay will eliminate
the inefficient timing of innovation. First and foremost, allowing for strategic delay of innova-
tions typically gives rise to multiple equilibria. It is therefore not obvious that an equilibrium
with delay will displace the equilibrium in Proposition 4 rather than represent an additional

equilibrium. For certain parameter restrictions, we can in fact confirm that the equilibrium in
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Proposition 4 remains an equilibrium even with the possibility of strategic delay:

Z

Proposition 5: Suppose A < e!=® and % < 70. Then there exists a £/ > k* as defined
P 1

in Lemma 2 such that the (Rp, ;) identified in Proposition 4 remains an equilibrium for all

k € (k*, k') even if agents can delay implementation.

Intuitively, as long as the discount rate p is large and regime switches are rare so that u
is small, it will not pay to delay innovation until a boom given the long expected wait until
it arrives. If the assumptions of Proposition 5 are not satisfied, firms might prefer to delay
implementation until aggregate productivity is high, and it is not obvious that the equilibrium
identified in Proposition 4 survives. However, even if equilibrium innovation is countercyclical,
the timing of actual innovation is likely to remain inefficient in equilibrium. In particular, even
if equilibrium innovation were countercyclical, the inverted timing could simply shift from inno-
vation decisions to implementation decisions. That is, since delay is never socially efficient, the
planner would choose paths that concentrate both innovation and implementation in recessions,
whereas implementation in equilibrium would be delayed until booms. The inefficient timing
of implementation as opposed to innovation is related to results in Caballero and Hammour
(1996), who also argue that the timing of the adoption of new technologies can be distorted
in the presence of frictions. However, analyzing equilibrium in the case of strategic delay re-
quires a different analysis from the one used in proving previous propositions and is a far more

complicated task.'?

Finally, another weakness of the model concerns its failure to match empirical evidence on
job reallocation over the business cycle. In the model, the only instance in which resources are
reallocated from one production site to another is when a firm succeeds in innovation and dis-
places an incumbent monopolist. Thus, if innovation is procyclical in equilibrium as implied by
the model, job reallocation should be similarly procyclical. Empirically, Davis and Haltiwanger
(1992) report that job reallocation is countercyclical, at least in the manufacturing sector. The

model therefore needs to be modified in some way to account for the fact that recessions are

1290me of the complications emerge from the recent work of Francois and Lloyd-Ellis (2002), who study delay
in a similar model where productivity in the final goods sector is constant. They show that since implementation
allows rivals to begin working on the next generation technology, there might be an incentive for entrepreneurs
to delay implementation. A key question is whether firms can credibly signal their success to deter rivals from
also innovating between when a firm succeeds in innovation and when it actually implements that innovation.
Francois and Lloyd-Ellis show that there exists an equilibrium in which signals are credible, but this requires
that there are some intermediate goods that have yet to be innovated. Their results also suggest that as long as
innovation is bounded away from zero, within a finite amount of time all goods will be innovated. In the case of
shocks, firms might wish to delay implementation until productivity is high. But since this can take an arbitrarily
long period of time, we cannot assume there is always an intermediate good that has yet to be innovated.
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associated with greater job reallocation. This can potentially be addressed by introducing an
additional source of reallocation that is not related to innovation activity. For example, fol-
lowing Young (1998) or Aghion and Saint Paul (1998), we can introduce a “horizontal” variety
dimension in addition to the “vertical” quality ladder dimension that is already present in the
model. That is, suppose labor is used to produce capital goods, where the number of differ-
ent capital goods N is endogenous, and these capital goods can together be converted into a
unit mass of intermediate goods according to the same linear specification as before, where
each intermediate good j can be produced more efficiently under successively higher genera-
tions. If the number of capital goods N decreases with productivity, say because fewer capital
goods can be profitably produced at lower productivity, recessions could be associated with
increased job reallocation despite the decline in innovation activity. Specifically, a recession
would trigger a burst of job destruction as the variety of capital goods declines. Eventually,
though, measured job reallocation would decline as innovative activity is diminished and fewer
resources are shifted between older and newer production technologies. By contrast, as long
as we introduced some friction in the process for creating new capital goods, such as search
costs or convex creation costs as in Caballero and Hammour (1996), a boom would not lead to
a similar burst of job creation, and reallocation of labor among production sites for different
capital goods would appear countercyclical. This pattern is consistent with recent evidence in
Caballero and Hammour (1999). They argue that while recessions are associated with an initial
increase in job reallocation, they eventually lead to decline in cumulative job reallocation, as

would be implied by the decline in innovation activity.

5. Conclusion

The purpose of this paper is to explore the behavior of innovation in response to cyclical
fluctuations that affect the relative productivity in the goods sector and the innovation sector.
Using a Schumpeterian growth model based on the model of Grossman and Helpman (1991),
I demonstrate that fluctuations can give rise to an inefficient timing of innovation activity in
which agents shift less innovation to recessions than would be optimal. Quite strikingly, it is
even possible that agents will concentrate innovation in booms. This can explain why R&D
expenditures appear to be procyclical, even though productivity considerations clearly suggest

they should by countercyclical.
The reason for this distorted timing is the creative destruction aspect inherent to Schum-

peterian growth models. That is, since firms anticipate that their production technology will

eventually be rendered obsolete, they discount profits that accrue in the more distant future
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too heavily and instead base their decisions on current economic conditions. If this were in-
deed the reason why equilibrium R&D is procyclical, we would anticipate that activities that
similarly come at the expense of production but which allow agents to capture all of the re-
turns to their investments should be concentrated in recessions. An obvious example of such an
activity is human capital accumulation. Like R&D, education and training require sacrificing
labor services. In contrast to R&D, though, an agent that accumulates human capital does
not run a risk of having his investment stolen away by rival workers. Thus, there is potentially
a similar argument for concentrating human capital accumulation in recessions. That said,
empirical evidence suggests the productivity of skill accumulation may not be constant over
the cycle. For example, DeJong and Ingram (2001) offer evidence that the productivity of skill
accumulation is positively correlated with productivity in the goods sector. But they also find
that this correlation is not enough to overturn the prediction that investment in skills should
be countercyclical, and they offer evidence that investment in human capital is countercyclical.
Likewise, data on college enrollments reveals a markedly countercyclical pattern in schooling,
as documented in Betts and McFarland (1995) and Dellas and Sakellaris (1997). This suggests
that the creative destruction aspect of R&D is more likely to account for the procyclical pattern

in R&D than a conceptual flaw in the intertemporal substitution hypothesis.

The results here are related in spirit to other recent work that has also questioned the notion
that recessions contribute positively to enhancing future economic activity. In the particular
context of R&D examined here, intertemporal substitution considerations suggest that it will
be optimal to take advantage of downturns to promote growth-enhancing activities, and that
because of this fluctuations can play a welfare-enhancing role. In practice, though, there are
frictions that arise in market environments that blunt these incentives. Thus, although reces-
sions might encourage certain types of productivity-enhancing activities that may benefit the
economy in the long run, they also might suppress other activities in a way that lowers over-
all welfare. While the analysis here helps to explain why R&D can be procyclical even when
technological considerations would dictate otherwise, further work is necessary to gauge the
empirical plausibility of the explanation it offers, and to what extent this failure contributes to

the costs of business cycles and necessitates some form of policy intervention.
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Appendix

Proof of Propositions 1 and 3: For given values of {Ri}i=0,1v the system given by (1.11) reduces to
ordinary linear differential equations in V (Z;, M'). Standard theorems ensure this system has a unique
solution. Hence, starting with values for R;, we can use the method of undetermined coefficients to find
the unique value functions V' (Z;, M) associated with a given pair (R, R1). I conjecture that the value
function V' (-,-) takes the form

V (Zy, M) = v, AM0e)

Differentiating this function with respect to M yields

ov

=19 v AM ) 1y )

which simplifies the differential equations above to a system of independent linear equations in the
coeflicients v;:

pvi =Zi (L—R) ™ —k4+p(v_; —v;) + (1 — @) vipR; In A

This yields a unique solution (vg,v;) as functions of (Rg, Ry).

Since the RHS of (1.11) is strictly concave in R;, the first order condition is both necessary and
sufficient to characterize the optimal R;. The first order condition is given by

ov

(1= ) ZAMI ) (LR ® + ——
(1-a) ( Y

¢ <0 (5.1)

with equality if R; > 0. Substituting the expression for V' (-,-), we obtain

Z. o .
L— ? -f i ?
R; = <Ui¢1n)\> H = e A (5.2)
0

If we substitute this expression into the asset equation (1.11), we obtain a pair of equations with v_; as
a function of v; that hold at the optimal R;:

7.

(p+p—(1—a)eLlnA) o, 1 i
Lo In A

vi — —Z2 (v;¢pIn N~
I

ok

Ko,

i +— ify; >

= f () = K K
V_; = ffz (Uz) - IO+M ZiLlfa K

v; — +— else

I I I

The optimal program corresponds to any pair (v§,v;) which solves the equations

vi = fi(vg)
vy = fo(vi)

The function f_;(-) is continuous and differentiable, since the left and right hand derivatives at

of . .
= S PEE Since p> (1— a) dL1In A, it follows that fT(U)

The functions f_; () are illustrated in Figure A1, suggesting that there is a unique solution (v,v7). To

(3

Vi are both equal to > 1 for all v;.



df—i

;i
therefore involves a value vg such that fi (vg) — fy * (v§) = 0. Differentiating this condition with respect
to v yields

establish this formally, I use the fact > 1> 0 for all v; implies f_; (+) is invertible. An equilibrium

d 1 df dfo\ "
%[fl(x)_fo (:c)]:%—<%> >0

This monotonicity insures there is at most one value of v§. To establish existence, note that f1(0) <0

d dfo\
while f; ! (0) > 0. Hence, f; (0)— f, * (0) < 0, and is finite. The fact that lim % > 1> lim (d—°>

z—o0 X T—00 X
0
implies 9 [fl (z) — fy* (x)] is strictly bounded away from 0, and so f (z) — fy * () — 00 as ¥ — co.
z
The existence of v§ follows from continuity. This implies there is a unique social solution to the social
planner’s problem.

Next, suppose that the optimal path dictates R; > 0 for both 7. I need to show Ry > R;. The proof
proceeds in two steps. First, I argue that v > v§. Since R; > 0, the asset equations imply

— (1= L1n A 1
U* ) — (p+/’L ( a)¢ n )U* _ _Z;L (Ufgbln)\)lf
M

e

1
=4

+

- k3

I
* 1 s1—L1
= a —bZo (v)) =+

==

==

Consider the fixed point ©; which solves
—~ ~ Lo 1-1 K
b = av; — b7 (U;) = + L

It is easy to show 7; exists and is unique. Implicit differentiation implies

b [T\
i oZ)
é — a >0

(a—1)+1_ab<é>é
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df; "

so that Zy < Z; = Uy < ¥;. Since < 1, we know that for any z < 0y, it follows that x — f; ! (z) <0

. Hence,
fi (@) = fo ' (Bo) = To—f5 " (%)
< 0
where the inequality uses the fact that 9o > 0. Since fi (vg) — fo ' (v¢) = 0 and fi (z) — fo ' (2) is

dfi ! SN
/; > 1, the fact that fi (Vo) = Tp implies fi (z) >z

fy
for any x > vy. Hence, f1 (v§) > v§. But since v = f1 (v§), it follows that v > v§.

increasing in z, it follows that v§ > 7y. But since

v v
Next, I use the fact that v{ > v to argue Z—l < Z—O, which is sufficient to establish R; < Ry from the
1 0
first-order condition above. Combining the equations v*; = f_; (v}) for both values yields the equation

% 1 N % % 11— %
avy —bZg (v5) = —vi = avy — bZy (vi)" = — g



which can be rearranged to yield
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so that

But given the expression for R; in (5.2), this implies By > Ry.

Finally, suppose R; = 0 for some ¢. The proposition follows if we can rule out the case where Ry =0
A
and Ry > O for sufficiently small x. Once again, it will be enough to show that — < 7 Let v} (Zo, 71)
0
denote the values of v; given Zy and Z;. It will be enough to prove that

i |:Z()Ui< (Zo,Zl):| <0
aZl ZIUS (ZO7ZI)

This is because by integrating (5.3) with respect to Z1, we obtain

Z00i (%o, %) _ [ZOUI(ZO,ZO)}+/Zli[ZOUI(ZO,Zl)}dZ
Z1vg (Zo, Z1) Zovg (Zo, Zo) 20 071 | 210y (Zo, Z1) ) !
|:Z()UI (Zo,Zo):| 1
Z()UO (Zo,Zo)

Note that (5.3) holds if and only if
1%} Zovi (Zo, 24
I <M) <0
821 ZlUO (ZO7 Zl)
or alternatively if

an/aZl <14 aU%:/aZl
Ul/Zl UO/ZI

Differentiating the asset equations with respect to Z; yields
(L — Rl) gb In A U1

— if R, >0
ooy &(L — Ry)In A+ apRy In A Z4 RS
% (p+p) Zol' 2oitR =0

(p+p) Z1 L' + pn(ZoL'= + A) — (p+2u) k Z4 !
v _ K v
07y pH+u—(1—a)pR_;In\07;

where A is defined by

2oL} A= max {20 (L~ Fo)' ™ + (1~ @) ugsRo In A}



0 0 ovy /07
so that A > 0. Provided k < K Zol1=2, A < U—l, and o > 0. This insures b <l<
,0—|— 2/L 621 Zl 8Z1 Ul/Zl
v /07
1+ %, completing the proof. l
3/ 2
L _ H Zl o ZO 1-a _
emma 1: Let 2 (§) = —— | £ — —¢ ,where w (L) = p+p+ (1 — (1 —a)InX) L. There
w(L) | Zo A

exists a unique £* > 0 such that 1 — £* % h(€%)if & § £*. This unique solution £* lies in the interval
(0,1).

Proof of Lemma 1: First, I claim there exists a £* € (0,1) for which 1 — ¢ = h(£). This is
straightforward: if £ = 0, we have

1-¢6=1>0="h(§
while if £ = 1, we have

w(L) |20 7 = h{s)

where the inequality relies on the fact that w (L) > 0 given that p > (1 — a) $LIn A. The claim follows

from continuity.

To prove £* is unique, I proceed in two steps. Differentiating % () yields

/ _ M éafl_ _ @ —a
h ()= —w(L) [azof (1—a) Zlf }
For £ > 1, we have
Zy o 20 —a 20 ,-a
0T = (1-a) T > —(1-a) J

> —1

Since at £ =1, h(£) > 1 — &, a necessary condition for there to exist a £ > 1 such that 1 — £* = h (£")
is that there exists a £ > 1 such that h'(§) < —1. Thus, there exists no £ > 1 for which 1 — & = h (§).

Next, I need to show there is a unique £ € (0,1) for which 1 —&" = A (£"). Consider first the case
where a > % Differentiating A () establishes that A’ (£) > 0 if and only if

2
« Zl 1-2a
1—«a <Zo> >£
2
1 7 . . . (0% Zl
For a > 5, 1 —2a < 0, and so h'(§) is negative if 0 < £ < —

1—«a ZO
2
83 Zl
£> [1—0&(20)

1
1-2a

and positive if

1-2a 1-2a

2
7
. Since h(0) = 0, it follows that A(£) <0 for 0 < £ < ll aa (Z_1>
- 0




1
1-2a

2
7
Hence, 1 —& > 0 > h(§) for £ < [ a <_1> < 1. Since h'(§) is strictly positive for

l—« Zo
o Z 2
l—« Zo

Ifa= %, h (&) simplifies to

1
1-2a

, it follows that £ is unique and 1 — £” % h(€")if & § £

7y — Zy
i ) Sl 13 % which is monotonically increasing in £ while 1 — £ is
w(l) | Z17

monotonically decreasing. This again insures £* is unique and 1 — £* % h(€")if & § £

Finally, if a < 3, it is enough to prove that i’ (£) > —1 for all £ € (0, 1]. Differentiating & (-) twice
yields

" _Oé(l—Oé)M @ 70471_é a—2
w©) = [Zlf 2 }

so that

2
Zi 12«
Zo

But it was previously argued that »'(§) > —1 for all £ > 1. Hence, h' (§) > —1 for all £ € (0,00) if

1
a < 3.

Thus, the derivative attains a minimum at £ = which for a < % is strictly greater than 1.

Lastly, since at £ = 0,1 —& =1 > 0= h(£), continuity implies 1 — & > h (£) for all £ < £". Likewise,
at £ =1,1—¢=0<h(l),so by continuity it follows that 1 —& < A (§) for £ > £*. This establishes the

lemma. W

Proof of Proposition 2: Since R; > 0, the case where Ry = 0 trivially satisfies the claim. If Ry = 0,
we need to verify that Ry = 0. To show this, suppose not, i.e. suppose Ry > 0 = Ry. Then it follows
that ¢v; = 1 > ¢vg. Substituting in for v;, we get

W(Rg)(L—Rl)‘F . w(Ré)(L—RO)+
por (L= R (L—R)" (= g (L= R)" " (L= Ro)*

Since v1(Ry,Rp) = 0 if Ry = L, then Ry < L in any such equilibrium. This allows us to define £ such
that
Ro=¢&R +(1-§) L

Note that since Ry < L, by construction, § > 0, and Ry > R; implies £ € [0, 1) while Ry < R; implies
& > 1. After substituting in for w (R) and rewriting Ry in terms of Ry, we can rewrite the inequality
v1 > vg in terms of &:

14 Zl o ZO j —
ez i e - e



Applying lemma 1, it follows that & < £* < 1, which implies Rg > Rj, a contradiction. Thus, Rg = 0
implies Ry = 0.
1

Finally, if R and Ry are both positive, it must be true that v; = vy = E, which in turn implies that
1—& = h(£). But from the lemma, the unique £* which satisfies this equation is less than 1, which
implies Ry > R;.

Next, I show that there exists a unique symmetric Markov-perfect equilibrium when A < eT=. This
condition implies that (1 — «)In A < 1, which implies

Ww(R)=1-(1—a)lnN)¢>0

6%- 6%-

Using (1.20), the fact that w’'(R) > 0 can be shown to imply that R

< 0 and < 0. Recall

% %

from the proof of Proposition 2 that in any Markov-perfect equilibrium in which ¢wv; (I%i, R_;) =1 for
both ¢, the levels of innovation for the two levels of productivity are related by By =£" By + (1 — &) L,
where £* is a constant. Hence, there can be at most one equilibrium in which ¢wg = ¢v; = 1. For
suppose there were two such equilibria, (Rg, Ry) # (R, R) where wlog R, > Ry. Since {* is constant,
it follows that Pii > Ry, but since v; is decreasing in both R; and R_; it is impossible that v; (R;, R_;) =

(R R ==
v; (R, R ;) = 5

v,
If (Ro, Ry) = (0,0) is an equilibrium, given that 8;}{

< 0, it follows that for any (Rg, R1) # 0 there

(1
always exists some ¢ € {0,1} such that ¢v; < 1 but R; > 0, which is inconsistent with equilibrium. In
this case, (0,0) would be the unique equilibrium. Without loss of generality, then, I henceforth assume
that if an equilibrium exists, it is not equal to (0, 0).
I begin by arguing that if there exists an equilibrium (R§, R}) where ¢v; (Rf, Rii) = 1 for both ¢,

there exists no other equilibria in which R, = 0 and ¢v; (0, R_;) < 1 for some i € {0,1}. For each i,
define the contour sets

Qi ={(Ri, R_i) | pvi (Ri, Ri) =1}

for all values of (Rg,Ry) > (0,0). These sets are illustrated in Figure A2. Using the implicit function
an an
d
or;, " oR_;
Q; form connected, downward sloping curves in (Rg, Ry ) space. If there exists an equilibrium (R§, R}) #
v,
(0,0) such that ¢uv; (RI,R‘:Z-) = 1 for both ¢, the sets €; must both be nonempty. Since 6];) <0

and ¢v; (R}, R*;) = 1, then ¢v; (R},0) > 1. Since ¢v; (L,0) = 0, there exists an R} > 0 such that
(R.,0) € £; by continuity. Hence, The graph of {; intersects the R; axis.

theorem and the fact that are both strictly negative, we can establish that the graphs of

Next, define R”, > 0 as the value of R_; such that ¢v; (07 Rﬂi) = 1. If no such value exists, I adopt
the convention that R”, = co. I now argue that R{ > Rj. The statement follows trivially if R{ = oco. If
R < oo, T argue that ¢uvy (R},0) > 1. For suppose not, i.e. suppose ¢vy (R,0) < 1. Since ¢vg (0, R) =
1, it follows that either (0, RY) constitutes an equilibrium, or there exists some Ry’ € (R}, L) such that
¢v1 (RY’,0) = 1, from which it follows that (0, R}’) is an equilibrium. Since Ry > R; in any Markov-
perfect equilibrium, it follows that Ry = R{" = 0. Since ¢wo (R}, R) = 1 and (R§, R7) # (0,0) by



dv;
, 81: < 0 implies ¢vg (0,0) > 1, a contradiction. Hence, ¢vy (RY,0) > 1 = ¢y (R],0). Since

v; is decreasing in R;, it follows that R} > R} as claimed.

assumption

The fact that R} > R} can be used to establish that R] > R{ as well. First, though, I argue that at
the equilibrium (R, R}),

dBy
dRy

To see this, consider a neighborhood around (R, R;). Recall that for any admissable (Rg, R;) where Ry
is defined as {Ry 4 (1 — &) L for some & > 0, the proof of Proposition 2 above implies that vy (Ry, Ro) >
vo (Ro,Ry) if and only if 1 — & > A (£), which from Lemma 1 holds if and only if £ < £. Since for any
e>0, RE+e=&R;+ (1—&) L for some £ < £, it follows that

dR,
dR,

pv1=1 Pvo=1

vr (B, B +¢) > o (By + ¢, Ry)

1
Subtracting vo (R, R) = v1 (R}, R§) = E from both sides, dividing by ¢, and taking the limit as ¢ — 0
implies
ovy (B By) _ ovo (B, Bg)
ORg - ORg

dvg (Riv RS) _ vy (RS, Rf) the

IRy B ORy
derivative of 1 — £ — h (§) with respect to £ would be equal to 0 at £ = £*, which is contradicted by the
proof of Lemma 1 above. Similarly, for any ¢ > 0, Lemma 1 implies

We can further establish this inequality is strict. This is because if

vo (R, By +¢) > v (R +¢, 1)
and by an analogous argument,

duo (Rg, 1Y) _ ooy (Ry, Ry)
oRy - oRy

Taking into account the fact that dv;/OR; and dv;/IR_; are both negative, it follows that

6@0/61%0 6@1/61%0
6@0/61%1 6@1/61%1

which implies

4R
dRy

_ 6@1/61%0 > 8@0/81%0 _ @
a 6@1/61%1 6@0/61%1 a dRo

(;5’[}1:1 (;5’[}0:1

Since there can be only one point at which ¢v; (R;, R_;) = 1, the two contours sets €}; intersect only at
(R, R}), and by continuity it follows that Rj > Rj.

With these observations, I can finally establish that there exists no other equilibrium (13%-, ITLZ-) in
which 13% = 0 for some ¢ € {0,1} and ¢v; (0, ITLZ-) < 1. This is because if such an equilibrium existed,



by definition it must be true that ¢v; (0, ITLZ-) < 1. Since ¢v; (07 Rﬂi) = 1 by definition, monotonicity
implies R, > R". > R' .. But since R_; > R’ ,, it follows that ¢v_; (R_;,0) < 1. For this to be an
equilibrium, R_, =0. But since there exists an (R§,R}) # (0,0) such that ¢v; (Rf, Rii) =1, it follows
that ¢v; (0,0) > 1, a contradiction.

Finally, suppose there exists no pair (R§, R}) such that ¢vg (R§, R}) = ¢v1 (R§, Rf) = 1. We need to
establish that there still exists a unique Markov-perfect equilibrium. Suppose first that ¢vg (0,0) < 1.
Then for any (Ry, By) > (0,0) where (Ro, R;) # (0,0), it must be the case that ¢ug (Ro, By) < 1. This
implies Ry = 0 in any equilibrium, and since Ry > R; in any equilibrium according to Proposition 2,
Ry = R; = 0 must be the unique equilibrium. If we rewrite Ry as ER; +(1 — &) L, then { =1 > £*. But
recall from Lemma 1 that this implies v; (0,0) < v (0,0). Since ¢vg (0,0) < 1, it follows that (0,0) is in

fact an equilibrium.

This leaves the case where (i) there exists no pair (R, R;) such that ¢uvg (R, R}) = ¢vy (RS, Bi) =1
and (ii) ¢wg (0,0) > 1. By continuity, there exists an R < L such that ¢wg (R(,0) = 1. Then I claim
(Ro, R1) = (Ry,0) is the unique Markov perfect equilibrium. Consider again two cases. First, suppose
that ¢wvq (0,0) < 1. In that case, monotonicity implies ¢wy (0, By) < 1 given that Ry > 0, so that
¢v1 (0, Ry) < 1 and (R, 0) is indeed an equilibrium. Moreover, since ¢v; (0,0) < 1, then R; = 0 in any
equilibrium, and it follows that (Rg,0) is the unique equilibrium. Lastly, suppose ¢w; (0,0) > 1. Once
again, define R{ such that ¢vg (0, Rj) = 1, with the convention of setting R{j = oo if no such value exists.
We need to show that Rj > R{, which insures ¢wy (0, Rj) < 1. Suppose not, i.e. suppose Rj > Ry.
But using the same argument as before, we know that R > Rj. If Rj > R{, then by continuity €
and €); must intersect, which contradicts the supposition that there exists no solution (R§, R}). Hence,
¢v1 (0, Ry) <1, so that (R, 0) is an equilibrium, and since Ry = 0 in any equilibrium, which insures the

equilibrium above is unique.ll

Proof of Lemma 2 (in text): Consider the equation vy (R*, R*) = vy (R*, R*). It implies

) Z )
w(R)_Mz W(R)_MZ Zo é:|

_ K%
(l-a)Z (L—R) " “—x (1—a)Zo(L—R) =k A [Zl Zo

Zo

Differentiate left hand side yields

To establish the existence and uniqueness of R*, define y; = L — R;. Using the assumption that R; < L
implies y; # 0, we can rearrange the condition v (R, R) = vy (R, R) by dividing both sides by y® and
expanding out w (L — y) to obtain

y e N N (w (L) + )

12 + Zo) — S Y ow—— (1—(1—a)1nA)¢>y=m

(5.4)

The LHS of this equation is monotonically increasing in ¥, and ranges from 0 to co as y ranges from 0
to oco. Since the RHS above is strictly positive, there exists a unique value y* for which the equation is

satisfied. This translates into a unique value R* = L — y*.



Note th%t y* is monotonically increasing in x. Taking limits, y* — 0 as kK — 0, while y* — L +
p+2u

(1—(1—a)ln))¢

in from (5.4), we obtain

as K — 00, at which point w (L — y*) = —pu. If we evaluate v; (R*, R*) and substitute

<w( z) L y) + ) Nk (y*)”
1)(1_Q)Zz

(A=1) w2 (L —y}) u

<w (L —y*) +M%> gt — w(Z ;ZO)Z/*

= (A-1) w2 (L —y}) — p2

A-Dy
w(L—y*)+p
Hence, v; (R*, R*) is monotonically increasing in y*, which in turn is monotonically increasing in . As

p+2p
(I-(1—a)lnN)e

0 and oo. The existence of k* follows from continuity. H

noted above, for different values of k, y* € [0, L+ ) , which implies v; ranges between

Proof of Proposition 4: Consider a fixed value k > k*, where £* is defined in Lemma 2. As in the
proof of Lemma 2, it will be useful to work with y; = L — R;. Consider the set

S ={(yo,y1) |vo(L—yo,L—y1)=v1(L—y1,L—yo)}
The proposition follows if T can show that within this set there exists an element (yo,41) € S such that
yo >y1 and ¢w; (L —y;, L —y_;) =1 for ¢ € {0,1}.
Consider first the case where y; = 0. For this value, we have

w (L) + N’k
(A_l)W(L)yo—m

w(L —yo)w (L) — p?

Vo =
v = 0
Hence, there are exactly two values of yo for which v (L — 4o, L) = v1 (L, L — yp), namely yo = 0 and

(w (L) 4+ ) Nk T
w(L)YA=1)(1—a) Z

Yo =To =

By the implicit function theorem, there exist continuous functions yg (-) defined in a neighborhood of
91 = 0 such that yo(y1) — 0 and yo (y1) — Yo as y1 — 0 which satisfy vo (L —yo (y1),L —y1) =
vo (L —y1, L —yo(y1))-

For y; # 0, we can rewrite the equation vg = vy in terms of y; and £ = y_o. The condition that v1 = vg
[
can be rewritten as

)\2 a—1

Z (A —Kf)l(l—a) (Ao — A1l — Az8") =14+ 1 (5 =0 (5.5)




where

_ w@)+p
= oW
A, = (I1—(1—a)ln)) oy
w(L)
 w(L =) +p
Az = w(l)  Zy

and as in Lemma 1,
14 Zl o ZO j —
hi)=——= =& — =
©= 5 | e - e
For notational convenience, I will rewrite (5.5) more compactly as

Q&y) =0

The implicit functions yo (y1) described above which limit to 0 and %o establish the existence of functions
1

7o\ =
&€ (y1) defined locally near y; = 0 that limit to § = (Z_0> and £ = oo, respectively, as y; — 0.

1

Define y* as in Lemma 2. Differentiate Q (§; y;1) with respect to & twice to obtain

62Q 1" )‘2'%50‘72 a—1
gz =M O Fall=a) T
Substituting in for A" (£), we obtain
92Q b [Zo. oy Zi..o9 A2gga2 .
T _ 1 _ M 10— It et Aot/
oE* a(l-a) <w(L) [Zlg 2" |tz A—1)(1—a) )

Now, note that

W(L_y1)+/ié a—1

M= TR At
= [ LA
w(r) ™ w (L) Zo

is decreasing in y;. Hence, if we can show that e > 0 for some yy, it follows that — > 0 for all
11 <yj. For y; = y*, we know from the proof of Lemma 2 that y* satisfies
Mr)Th p <21 + Zo)

2
Substituting this into the expression for e yields

62Q _ //L ZO —a—1 /’L a—2
§fW”%mﬁ'+mﬁ>”



Hence, for all y; <y*, Q (& y1) is convex in £. This will prove important in what follows.

Before 1 proceed, I introduce the notation (yo,41) ~ (¥§, 1) to denote the case in which there exists

a continuous mapping y; (7) > 0 and a continuous mapping %o (7) defined for 7 € (0,1) such that
1. limy (1) = y1 and lim yo (7) = o
7—0 7—0

2. lirri y1 (T) = y; and lirri Yo (T) =y

3. Torall 7€ (0,1), (yo (7),y1 (7)) € S, Le. Q§(T);y1 (7)) =0for {(7) =

The notation TIE y (T7) = oo denotes, as usual, that for every N > 0, there exists a 7y such that y (1) >
N for all 7 > 7). Thus, we can describe a path in which y; = oo for some i. Note that if we can establish
that (y*,y*) ~ (¢o,0), the statement of the proposition follows from a simple continuity argument: since
oo (L —y*, L —y*) > 1for & > k* but ¢vg (%o, 0) = 0, there exists some T for which (yo (7) ,y1 (7)) € S
and where ¢v; (L —y; (1), L —y_; (7)) = 1. Since vo (L —y,L —y) = v1 (L —y,L —y) if and only if
y =y*, and since o > 0, it follows that yo (7) > y1 (7) by continuity.

I now break down my analysis into different cases, depending on the sign of % evaluated at £ = 1
and y; = y*. For convenience, a graphical view of the set S corresponding to each of the three cases (for
particular parameter values) is provided in Figure A3.
9Q (1;y")

23
I claim this is enough to establish that (y*,y*) ~ (¥o, 0), which from above is enough to establish the

!

proposition. I first argue that there exists a y; € [0,y*) such that (y*,y*) ~ (y{,y;) where y—? = oo. For
Yy

oQ (1;y1) '
3]

Case I. >0

suppose not. Since > 0 for all yq, it follows that @ (1;y1) < O for all y; < y*. Furthermore,

since Q (§;y*) is convexyiil &, it also follows that @ (§;¥*) > 0 for all £ > 1. By continuity, then, the
assumption that (y*,y*) v (0o0,y1) for all y; € (0,y*) implies that for each y; € (0,y*) there must exist
some & (y1) > 1 such that Q (£ (y1);y1) > 0. Applying the intermediate value theorem, we can deduce
that for every y1 € (0,y*) there exists a £* (y1) > 1 such that Q (§* (y1) ;y1) = 0. Since Q is continuous
and convex in & for all y; < y*, the root §* (y1) is the unique value of £ > 1 such that Q (§* (y1);91) = 1,
is continuous in y, and limy, 1= £ (y1) = 1. Hence, (y*,y*) ~+ (§* (y1) ,y1). Taking the limit asy; | 0, it
follows that (y*,y*) ~ (¥o,0), since the unique root greater than one for which ylligo Q (& y1) = 0 limits
Y%

1%,
= = 0o, which is a contradiction. Since lim oQ < 0 for
Yy

1 §—o0 OY1
all 41 > 0, there can exist at most one y; for which 5lim Q(&y1) =0. Since 5lim Q(£0) =0, it follows
that (y*,y*) ~ (¥o,0).
9Q (1,¥")
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Since @ (1;y*) is strictly convex, it follows that Q (&;4*) > 0 for all £ # 1. The fact that (y*,y*) ~

(To,0) then follows from the same argument as in Case 1.

to co. But then (y*,y*) ~ (y4,y}) such that

Case II: =0.



2Q (1;y*)
o

In this case, the arguments above can no longer be used to establish that (y*,y*) ~+ (%o,0). However,

Case III: <0

I argue that if (y*,4*) v~ (¥o,0), then there exists some ¢, > 0 such that (y*,y*) ~ (co,y1) where
Yo (7)

T—1 Y1 (T
establish the proposition.

> 1 along any such connecting path. As I argue below, this condition is also sufficient to

Again, the proof is by contradiction. Suppose the claim is false, i.e. suppose (y*,4*) + (¥o,0) and
(y*,y*) ¥~ (co,yq) for all ; > 0, including y; = oo. If we differentiate £ with respect to ¢; along the
curve @ (&;y1) = 0, we obtain

de oo _,
W1 | g )=13) 0Q/0¢
, , 9Q (1,y1) e
where the last inequality follows from the fact that B w— > 0 for all y;. Hence, if (y*,y*) ~ (yo,y1)

1
for some yo > y*, it follows from continuity and the uniqueness of y* that yg > wy;. Next, since
(y*,y*) # (00,y1) for all y; (including y; = o) by assumption, it follows that

g=sup{yo | (¥",y") ~ (¥0,y1) for some y,}

is finite. Tt follows that for any yo > y*, it must be the case that (y*,y*) ¥ (yo,41) if y1 > ¥. Thus,
any continuous path that originates at (y*,y*) for which yo (7) > y* is bounded in its y; term from
above by 7. But the fact that lim,, o @ (&;91) < 0 for all finite £ > 0, together with continuity and the

uniqueness of y*, implies that this occurs only if (y*,y*) ~ (yo,y1) for some 4o > y* and some y; such

that lim1 Yo (7) = oo. Since yo (7) <7 for all 7, this requires that lirri 91 (7) = 0. But this contradicts
T— yl T T—

the fact that (y*,y*) ¥ (90,0). It follows that either (y*,y*) ~= (¥o,0) or (y*,y*) ~» (c0,y1) where

lim yo—(T) > 1 along this path.

T—1 yl (T)

The final step is to prove that the fact that (y*,y*) ~+ (00, 1) where lirri Yo (7)
T=lyT

a solution (yo,y1) with yo > y; such that ¢vg (L — yo, L —y1) = ¢v1 (L — y1, L — yo) = 1. Consider

> 1 implies there exists

Zfi _a W L_yfi + )‘21% [
A=1) W(L_yi)yi‘F(M 7 yli _( ((1_04)()\)_1/1))2 )yl}
im v (L -y, L —y_)= 1l : Z
Jm vl =y L—y-i) =l (L —y)w (L —y o)~ 2

As y; — 00, the numerator converges to oo, depending on the sign of w (I — y_;), and since w (L — y;) —
—00, the denominator converges to +00, again depending on the sign of w (I — y_;). Applying I’Hopital’s
rule, we obtain

. A=Dw(L—y_;)
lim v, (L—y;, L—y_;) =— <0
am b=y b=y = = Sy )
Hence, since vo (L — yo, L —y1) < 0 as yg — o0, it follows by continuity that there exists a pair (yo,y1)
such that ¢v;, (L —y;, L —y_;) = 1. Again, since vo (L —y, L —y) = v1 (L —y,L —y) if and only if

y=19y" and lim Yo (T)
T—1 yl (T)

> 1, it follows that yo (7) > y1 (7) by continuity.



9Q (1,¥")
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will be multiple solutions to the problem ¢uv; (R;,R_;) = 1, i.e. in addition to the solution identified

above, there also exists a second solution with Ry > Ry. However, the existence of multiple solutions

Remark: all cases for are possible, depending on parameter values. In cases II and III, there

does not necessarily imply multiple equilibria, since these solutions may involve negative values of R;.

Proof of Proposition 5: Given that firms maximize expected profits, a firm that has successfully
innovated will choose the time to implement by solving

Suppose the solution in Proposition 4 is an equilibrium. The Proposition follows if we can show that
s = 0. Clearly, if Z;.; = Z;, there is no benefit from delay, since v; s = v; and so in the best case
scenario the firm becomes the leader and earns v; discounted at a positive rate. Thus, given other agents
are implementing immediately and innovating in accordance with Proposition 4, a firm will only delay
implementation until a change in the level of productivity. If the current level of productivity is equal

1
to Z1, then given vg = v = E in equilibrium, waiting until a regime change yields at most

pruPe  ptpZy

po P p Zy (L—Ri\"
L—Ry

assuming the firm is the leading producer when it implements. Since R; > Ry, it follows that this is less
than v. Thus, there is no reason to delay an innovation uncovered when productivity is high. Conversely,
there will be no reason to delay an innovation that is discovered when productivity is low if

prpzo \L—1

Z
e Moreover, by continuity, the solution (R, R;) identified in Proposition

By assumption,

p+pZo
4 limits to (R*,R*) as & — k*. Thus, there will be no benefit from delay even though R; > Ry for x
close to k™.
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Figure A1: Uniqueness of Social Optimum
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Figure A2: Uniqueness of Markov-Perfect Equilibrium
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Figure A3: The Evolution of the set

Sin Proposition 4

Panel (A) corresponds to Case | in proof of Proposition 4
Panel (B) correspondsto Case Il in proof of Proposition 4
Panel (C) correspondsto Case Il in proof of Proposition 4




